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ABSTRACT 

 
The sextic non-homogeneous equation with five unknowns represented by the   
diophantine equation   

                                          
53333 )(6)( tyxwzyx  

is analyzed for its patterns of non-zero distinct integral solutions. A few interesting 
relations between the solutions and special numbers are exhibited. 
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NOTATIONS 

                                      nmt ,     :    Polygonal number of rank n  with size m  

                                     
m
nP

      :    Pyramidal number of rank n  with size m  

                                     nS
       :     Star number of rank n  

                                      nSo
    :     Stella octangular number of rank n  

                                     nPr
     :    Pronic number of rank n  

                                    nmCt ,  :  Centered Polygonal number of rank n with size m   
 

INTRODUCTION 

The theory of diophantine equations offers 

a rich variety of fascinating problems [1-4]. 

Particularly, in [5,6], sextic equations with 3 

unknowns are studied for their integral 

solutions. [7-11] analyse sextic equations 

with 4 unknowns for their non-zero integer 
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solutions. This communication analyses a 

sextic equation with 5 unknowns given 

by 53333 )(6)( tyxwzyx . 

Infinitely many non-zero integer quintuples 

),,,,( twzyx  satisfying the above equation 

are obtained. Various interesting properties 

among the values of wzyx ,,, and t are 

presented. 

METHOD OF ANALYSIS 

The diophantine equation representing a 

non-homogeneous sextic equation is 

53333 )(6)( tyxwzyx     (1)   

Introducing the linear transformations 

vuyvux , , puz ,    

puw (2) 

in (1), it leads to  

522 2tpv  (3) 

It is observed that (3) has infinitely many 

integral solutions. For simplicity and clear 

understanding, we exhibit below the 

different choices for v and p satisfying (3). 

when (i) t is even (ii) t is a perfect square 

and (iii) t  is  2(a square).Knowing the vales 

of tpv ,, and using (2) we get infinitely 

many non-zero integral solutions of (1). 

2:1 Let kt 2       (4) 

Using (4) in (3), we have  

5622 2 kpv  (5) 

which may be considered to be equivalent  

to system of double equations in different 

ways. 

Illustration: 1 

Write 416kpv , kpv 4   

On solving, the values of v  and p are given 

by kkv 28 4 , kkp 28 4  

Substituting these values in (2), the 

corresponding integral solutions of (1) are 

presented by  

kkukuxx 28),( 4  

kkukuyy 28),( 4  

kkukuzz 28),( 4  

kkukuww 28),( 4  

kktt 2)(  

Properties 

1. Each of the following is a nasty integer. 

(a)  )Pr64),(),((6 4

5

kkPkuykux  

(b)  

2. )12(mod04324),(),( ,12

52

,6 kkk tPtkuwkuz  

3. )11(mod0Pr4),(),( ,10 kk tkuzkux  

4. kkkkk ttPSokuykuz ,4,6

5 2Pr24),(),(  is 

a biquadratical  integer. 

Illustration: 2 

Write   23 4,16 kpvkpv  

On solving, the values of v  and p are given 

by  23 28 kkv , 23 28 kkp  

kkkkk ttPtkuwkux ,4,10

62

,6 6Pr6333),(),(  



International journal of Engineering Research-Online  

A Peer Reviewed International Journal   
Articles available onlne http://www.ijoer.in 

Vol.1., Issue.2., 2013 

 

148 G.SUMATHI et al 

 

Substituting these values in (2), the 

corresponding integral solutions of (1) are 

given by  

23 28),( kkukuxx  

23 28),( kkukuyy  

23 28),( kkukuzz  

23 28),( kkukuww  

 kktt 2)(  

Properties 

1. kk tPkuwkux ,4

5 3216),(),(  is a nasty 

number. 

2. Each of the following is a cubical integer. 

(a)  kkSokuykux Pr44),(),(  

(b)  kkkkk ttPtkuwkuz ,4,10
62

,6 6Pr6333),(),(  

3.  )2(mod0Pr4),(),( ,4 kkk CtSkuykuw  

4. 1Pr44),(),( ,8,4 kkk Cttkuzkux  

5. ),(),( kuzkux is the difference of two 

squares. 

2:2            Take            2t   (6) 

Substituting (6) in (3), we get 

2522 )(2pv   (7) 

The assumption nmpnmv ,  (7a) 

in (7)leads to   25 )(24mn  (8) 

which is satisfied by nnm 4,2 919  (9) 

using (9) in (7a),we have   

nnv 9192 , nnp 9192  (10) 

Substituting the values of pv, and in (2) 

and (6), the corresponding integral 

solutions of (1) are obtained as follows 

2

919

919

919

919

16)(

2),(

2),(

2),(

2),(

nntt

nnunuww

nnunuzz

nnunuyy

nnunuxx

 

Further note that (7) is also satisfied by  

22225 2,2,2 srpsrvrs    (11) 

Choose r and s  such that  

542rs     (11a) 

Now,   choose   233 2,2 sr  (12) 

and thus  2  (13) 

using (12),(13) in (11) and (2), 

466 4)2(2v    (14) 

The corresponding integral solutions of (1) 

are obtained as follows 

 

2

467

467

467

467

4)(

42),(

42),(

42),(

42),(

tt

uuww

uuzz

uuyy

uuxx

                                                                     

It is worth to mention here that there are 

other choices for r and s  in (11a).A similar 

analysis may be performed to obtain the 

other patterns of solutions to (1). 

2:3   Considering       22Et   (15) 

in (3),it can be written as  

2522 )8( Epv  (16) 
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Note that (16) is similar to the well known 

pythogorean equation .Using the most 

citied solution of the standard 

pythogorean, we have  

22,2 nmvmnp  (17) 

2258 nmE  (17a) 

Write  23 2,4 EnmEnm  

On solving, the values of m and n are given 

by  

2323 2,2 EEnEEm  

Substituting these values in (17) and (2), 

the corresponding integral solutions of (1) 

are given by  

2

46

46

46

46

2)(

)4(2),(

)4(2),(

)4(2),(

)4(2),(

EEtt

EEuEuww

EEuEuzz

EEuEuyy

EEuEuxx

 

It is to be noted that (17a) may be 

factorized in a different way, namely, 

23 ,8 EnmEnm , the corresponding 

solutions to (1) are obtained proceeding as 

above, and so on. 

CONCLUSION 

In a similar manner, one may consider the 

other choices for the system of double 

equations for obtaining the v and p values 

in each of the above three cases (i) to (iii) 

and obtain respectively the corresponding 

integral solutions. 
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