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INTRODUCTION 

The theory of diophantine equations offers a 

rich variety of fascinating problems. In 

particular, homogeneous and non-

homogeneous equations of higher degree have 

aroused the interest of numerous 

Mathematicians since antiquity [1-

3].Particularly in [4,5] special equations of sixth 

degree with four and five unknowns are 

studied. In [6-9]  heptic equations with 

three,four and five unknowns are analysed. This 
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ABSTRACT 

The non-homogeneous heptic  equation with four unknowns represented by the   

diophantine equation   
34422 ))(( wzyxyx  

is analyzed for its patterns of non-zero distinct integral solutions. Various interesting 

relations between the solutions and special numbers, namely, Pyramidal numbers,  

Pronic numbers, Centered Hexagonal Pyramidal numbers, fourth dimensional figurate 

numbers are exhibited. 
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fourth dimensional figurate numbers 
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NOTATIONS                  nmt ,      :    Polygonal number of rank n  with size m  

                                       
m
nP       :    Pyramidal number of rank n  with size m  

                                      nPr       :      Pronic number of rank n                                 

                                       nj        :     Jacobsthal-Lucas number of rank n  

                                    nJ          :      Jacobsthal  number of rank n  

                                   6,,3 nCf    :     Centered Hexogonal Pyramidal number of rank n 

                                6,,4 nCf     :  Fourth dimensional Hexogonal figurate number of rank n     
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communication analyses a hextic equation with 

four unknowns given 

by 34422 ))(( wzyxyx . Infinitely many 

non-zero integer quadtuples ),,,( wzyx  

satisfying the above equation are obtained. 

Various interesting properties among the values of 

zyx ,, and w are presented. 

 

METHOD OF ANALYSIS 

 The diophantine equation representing a non-

homogeneous heptic equation is 

34422 ))(( wzyxyx  (1)                                                     

Introducing the linear transformations 

uzvuyvux n2,, , 1n   (2)          

in (1),it leads to 

35422 2 wvu n
   , 1n  (3) 

Assume    
22),( babaww , 0,ba  (4) 

and write   
542 n

as 

)22)(22(2 3232323254 nnnnn ii    (5) 

Substituting (5),(4) in (3), and employing the method 

of factorization, define 

)3(3)1(2 322332 bbaiabaiivu n
  (6) 

Equating real and imaginary parts in (6),we get  

 ...
33(2

)33(2

322332

322332

bbaabav

bbaabau

n

n

 (7) 

Substituting (7) in (2), the corresponding non-zero 

integral solutions of (1) are represented by     

.....

)(),(

)33(2),(

)3(2),(

)3(2),(

22

322333

2322

2322

babaww

bbaababazz

babbayy

ababaxx

n

n

n

  (8) 

Properties: 

1. Each of the following is a cubic integer 

     (a) 
n

n bawabax

4

),()2(3),( 22

 

     (b) 

)t3t6Cf(2)1,a(w)2(3)1,a(z82 a,4a,36,a,3
n3n3

 

2. Each of the following is a nasty number 

(a)     

an26,a,3n2 Pr)3J9(Cf)1j()1,a(y)1,a(x46

                                                  

      (b) )2,2(3 nnw  

3. ))1(j()b,a(y)b,a(x)b,a(z2 n
n  

4. 

),4
5

6,1,3,3
2

2(6
)1(

1),1(
4 aaaa

n

tPCft
j

aax

 

5. 6,,4
5

2

6Pr32
)13(

)1(,1
4 aaa

n

CfP
J

aay
 

A few numerical examples are given in the table 

below 

 

n a b x y z w 

2 

3 

4 

5 

6 

2 

2 

2 

3 

4 

1 

1 

1 

2 

2 

8 

32 

128 

-2304 

16384 

-44 

-176 

-704 

-

11776 

-

90112 

-72 

-576 

-4608 

-225280 

-

2359296 

5 

5 

5 

13 

20 

 

However, we have an another pattern that is 

illustrated below: 

Rewrite (3) as 

  
34422 2)(2 wvu n

                    (9) 

Also, consider 2 and 
442 n

as 

......
)1()1(2

)1)(1(2
444444 nn

ii

ii

n
     (10) 

Using (10),(4) in (9) and employing the method of 

factorization, define 
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)3)(1(sin)3)(1(cos4 32231 bbanbaanvu n
 

 

)3)(1(sin)3)(1(cos4 23321 abanbbanvu n
 

Solving the above system of equations and using (2),we get 

)33)(1(sin)33)(1(cos2

)3)(1(sin)3)(1(cos2

)3)(1(sin)3)(1(cos2

3223322333

232322

233222

bbaabanbbabaanz

babnabany

abanbbanx

n

n

n

 

The above equation and (4) represent the non-zero integral solutions to (1) 

 

Remark 

It is worth to mention here that ,when 1n in (1),it 

simplifies to 
322 )(2 wvu .Observe that 2 can 

be factorized as product of two gaussian integers in 

three different ways , namely  

 

)1)(1(2 ii        (11) 

25

)i7)(i7(
     (12) 

841

)i41)(i41(
               (13) 

The integral values of zyx ,, satisfying (1)by taking 

(11) are obtained by satisfying 1n  

in (8).following the analysis presented above ,the 

integral solutions of (1) for the choices (12) and (13) 

are exhibited below: 

Integral solutions for choice (13) 

                                         

22

3223

2233

2233

100100

20060042001400

18002400600800

24001800800600

BAw

BBAABAz

BAABBAy

BAABBAx

 

Integral solutions for choice (14) 

                                           

)()1682(

)5817471342378()1682(

)1160348036541218()1682(

)1218365434801160()1682(

222

32232

32232

32232

BAw

BBAABAz

BBAABAy

BBAABAx

 

Conclusion  

To conclude one may search for other pattern of 

solutions and their corresponding properties. 
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