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ABSTRACT
The non-homogeneous heptic equation with four unknowns represented by the

diophantine equation (X2 + y2)(x + y) =z%w®

is analyzed for its patterns of non-zero distinct integral solutions. Various interesting
relations between the solutions and special numbers, namely, Pyramidal numbers,
Pronic numbers, Centered Hexagonal Pyramidal numbers, fourth dimensional figurate
numbers are exhibited.
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.com
an : Pyramidal number of rank n with size M
Pr, : Pronic number of rank N
jn 1 Jacobsthal-Lucas number of rank N
J n : Jacobsthal number of rank n
Cf3,n,6 :  Centered Hexogonal Pyramidal number of rank n
Cf4! n6 : Fourthdimensional Hexogonal figurate number of rank n
INTRODUCTION
The theory of diophantine equations offers a Mathematicians since antiquity [1-
rich variety of fascinating problems. In 3].Particularly in [4,5] special equations of sixth
particular, homogeneous and non- degree with four and five unknowns are
homogeneous equations of higher degree have studied. In [6-9] heptic equations with
aroused the interest of numerous three,four and five unknowns are analysed. This
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communication analyses a hextic equation with (b)

four unknowns given 9 Iz(a,l) +3(2°")w(al) - 2" (Cfa a6 — 6tz 2+3ts 4)
by (X2 + y2)(x+ y)4 =z%w3. Infinitely many

non-zero integer quadtuples (X, Y, 2, W) 2. Each of the following is a nasty number

satisfying the above equation are obtained.
Various interesting properties among the values of
X, Y,Zand W are presented.

METHOD OF ANALYSIS

The diophantine equation representing a non-
homogeneous heptic equation is

0 +y?)x+ )t =2 )
Introducing the linear transformations
X=u+V,y=u-v,z=2"u,n>1 (2)
in (1),it leads to

2 2 _ 453

us +v ,n>1(3)

Assume W =Ww(a,b) = a2 +b2,a,b # 0 (4)

and write 24n_5 a

24n—5 — (22n—3 +i22n—3)(22n—3 _i22n—3) (5)

Substituting (5),(4) in (3), and employing the method
of factorization, define

u+iv=22"3(1+i) €3 -3ab2 +i3a’b-b%) (6)

S

Equating real and imaginary parts in (6),we ge';
u=22"%@@*-3ab* -3a’b +b°)
v=2""7(a®-3ab* +3a’h - b° } 7

Substituting (7) in (2), the corresponding non-zero

integral solutions of (1) are represented by

X = X(a,b) = 2*"%(a° - 3ab?)

y = y(a,b) =2""%(h* - 3a’h)
z=1(a,b)=2""(a> - 3ab’ - 3a% +b°)
w=w(a,b)=(a’ +b?)

Properties:
1. Each of the following is a cubic integer

o X@D) +3a(22"?)w(a,b)
4"

(a)

6 A€(@D) +y(@D > (jon ~)Cf3 a6+ [0Ion +3)Pr, _

(b) 3|/(2“,2”)_

3. 22(a,b) = k(@ b) + y(@b) (j, - (-D")
4

-
4%—+M/+ 6t3a = Cf3a+16 (2Pa5 —14,q)
(J2n -1
-~
2 Y43@+HY . op5 | apr Z6Ch, 46
(3Jon +1) ”
A few numerical examples are given in the table
below
n a b v z w
2 2 1 8 -44 -72 5
3 2 1 32 -176 -576 5
4 2 1 128 -704 -4608 5
5 3 2 -2304 - -225280 13
6 4 2 16384 | 11776 - 20
- 2359296
90112

However, we have an another pattern that is
illustrated below:
Rewrite (3) as

2(U2 +V2) — 24”—4W3 (9)
Also, consider 2 and 24n_4as
2=(1+D@-1)

.\ 4n-4 L dn-g [rereer (10)
2 =(1+1)  @-10)

Using (10),(4) in (9) and employing the method of
factorization, define
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u-—v=4""1 I057r(n ~1)(a* -3a®h) —sin z(n -1)(3a’b - b%)

u+v=4n"1 I057r(n ~1)(3a®b—b?) +sin z(n-1)(a® —3ab?)_

Solving the above system of equations and using (2),we get

x = 2272 fJos(n—1)(3a%h —b%) + sin z(n—1)(a® —3ab?) _
y =22 fosz(n—1)(a* — 3ab?) +sin z(n—1)(b° —3a’h) _
z=2" Josz(n-1)(a® —3a% +3a%b —b*) +sin z(n —1)(a* —3ab® —3a’b+b?) _

The above equation and (4) represent the non-zero integral solutions to (1)
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