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ABSTRACT
The ternary quadratic homogeneous equation representing homogeneous cone

2 2 _ 2
given by Bx+y =z

it. Three different patterns of integer points satisfying the cone under

is analyzed for its non-zero distinct integer points on

consideration are obtained. A few interesting relations between the solutions and
special number patterns namely Polygonal number , Pyramidal number ,
Octahedral number, Pronic number ,Stella octangular number , Pentatope number
and Nasty number are presented. Also knowing an integer solution satisfying the
given cone , three triples of integers generated from the given solution are
exhibited.
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Notations:
m
N - Pyramidal number of rank n with size m.

™" _ polygonal number of rank n with size m.

r .
N - Pronic number of rank n

INTRODUCTION
The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety
[1, 21]. For an extensive review of various problems, one may refer [2-20]. This communication concerns with

: : : 43x% +y? =177 , _
yet another interesting ternary quadratic equation representing a cone for determining its

infinitely many non-zero integral points. Also, a few interesting relations among the solutions are presented.
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METHOD OF ANALYSIS:

The ternary quadratic equation under consideration is 43X2 + y2 = Z2 (1)
To start with it is seen that the triples (k,21K,22K), (2k +1,2k* + 2k — 21,2k + 2k + 22)
and (2rs, > —43s%,r? +43s?) satisfy (1).

However, we have other choices of solutions to (1) which are illustrated below:
consider (1) as

43x% +y? =77 %1 (2)

Assume Z = a’ + 43b? (3)
Write 1 as

_ ((21+2n-2n2) +i(2n -1)/43))((21+ 2n - 2n?) —i(2n —1)~/43))
(22— 2n +2n?)?
Substituting (3) and (4) in (2) and employing the method of factorization. define

1

(4)

-+ @B = (a+ iVE3)’ [(21+2n—2n?) +i(2n —1)4/43]
(22— 2n +2n?)?
Equating the real and imaginary parts in the above equation, we get
‘= [2(21+2n-2n?%)ab - (a® —43b?)(2n -1)]
22 -2n+2n°
[(21+2n—2n?)(a® — 43b?) —86ab(2n —1)]
22 —2n+2n?

Replacinga by (22-—2n+ 2n2)A, bby (22—-2n+ 2n2)B in the above equation corresponding integer

solutions to (1) are given by

X = (22 - 2n+2n?)[(A* —43B?*)(2n-1) +{2AB(21+2n—2n*)}]
y = (22 - 2n+2n?)[(A* - 43B%)(21+2n—-2n°) —{86 AB(2n—1)}] (A)
z=(22-2n+2n%)*(A* +43B?)

For simplicity and clear understanding, taking n=1 in (A), the corresponding integer solutions of (1) are given by
X =22A%* —946B* + 924 AB
y =462 A> —19866 B> —1892 AB
z=22%(A* +43B%)

Properties:

X(AL) —t 45 0 =—1(mod 945)

X(AD) -2t ,, » =—2(mod 944)

X(N+1,n%) =t 5, + 946t , . —1848 p> = 22(mod 65)
X(N+1,n) =t 450, — 924 pr, = 22(mod 879)




International journal of Engineering Research-Online
A Peer Reviewed International Journal B4l SR =N NpIoki!
Articles available online http://www.ijoer.in

Y(AL) —t g6 4 = —1263(m0d1431)
y(N+1,n%) —t g,y +19866t ) T 3784 p> = 462(mod1385)

y(N+1,n) —t 358100y +1892 pr, = 462(mod18479)
Each of the following represents a nasty number
662(A, A) = 6(22A)°
y(14A2A) = 6(2A)?
It is worth to note that 1 in (2) may also be represented as
~ {(43-4n?) +i(4n)V43}{(43 - 4n?) —i(4n)./43}
) (43+4n?)?

Following the analysis presented above, the corresponding integer solutions to (1) are found to be

1

X = (43 +4n*)[(A? —43B?)(4n) +{2AB(43 - 2n*)}]
y = (43 +4n?)[(A? — 43B?)(43 - 4n?) —{344nAB}] (B)
z = (43+4n%)*(A? +43B?)

For the sake of simplicity, taking n=1in (B) ,the corresponding integer solution of (1) are given by
x =188 A* —8084B* + 3666 AB
y =1833A% —78819B* 16168 AB
7 =47%(A* +43B?)
Properties:

X(AL) =135 o) =—376(mod 3853)

X(AL) — 2t ;40 oy = —380(mod 3854)

X(N+1,n%) =t 375, +8084t () — 1332 p. =188(mod 563)
X(N+1,n) 1t 5704, — 3666 pr, =188(mod 7519)

V(AL —t 55654 = —7139(mM0d 14336)

y(N+1,n?%) —t 355, + 78819t ) +32336 p> =1833(mod 5498)
Yy(N+1,n) =t 550740 +16168 pr, =1833(mod 73319)

Generation of integer solutions

Let (Xy,Y,,2Z,) be any given integer solution of (1)
Then, each of the following triples of integers satisfies (1):
Triple1: (X3, Yy Zpy)

Xy = 44X, +2Y, — 72,

Y., =86X, +5Yy, —14z,

z,, =301x, +14y, — 48z,

Triple 2: (X5, Y20 Zp1)
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Ko = 2o HAS(-2D" = (20) "B, +{(21)" - (-20")2]

Ynz2 =21"yg
Z,p = 4—12[{43(—21)n —43(21)"3x, +{43(21)" - (-21)"}z,]
Triple 3: (X3, Yo3sZp3)

K = 2o HAS(22)" + (22" P +(-22)" - (22)"}y,]

Yoz = 4—14[{43(—22)” —43(22)"}x, +{43(22)" +(-22)"}y,]

Zp3 = 22" 29
Triple 4: (Xn41 yn41 Zn4)
Xng = 4n X0

Voo = SHOA)" ~ (-4)"}y, +{3-0)" ~3(4)"}2]

2aa = SHEO" =347}y, +(-4)" - ()7)2]

CONCLUSION
In this paper, we have presented three different patterns of non-zero distinct integer solutions of the
homogeneous cone given by 43x% + y2 =2z%7o conclude, one may search for other patterns of solution
and their corresponding properties.
REFERENCES
[1]. Dickson, L.E., History of Theory of Numbers, Vol.2,Chelsea Publishing company,
NewYork, 1952
[2]. Gopalan, M.A.,Pandichevi, V., Integral solution of ternary quadratic equation Z(X + y) = 4xy ,
Actociencia Indica, Vol. XXXIVM, No.3, 1353-1358,2008.
[3]. Gopalan, M.A. Kalinga Rani, J., Observation on the Diophantine equation, y2 = DX2 + Z2 Impact
J.sci tech ; Vol (2), 91-95, 2008.
[4]. Gopalan, M.A,,Pandichevi, V., on ternary quadratic equation X2 + y2 = Z2 +1, Impact J.sci tech;
Vol 2(2), 55-58, 2008.
[5]. Gopalan, M.A., Manju somanath, Vanitha,N., Integral solutions of ternary quadratic Diophantine
equation X* +y? = (k® +1)"z°. Impact J.sci tech; Vol 2(4), 175-178, 2008.
[6]. Gopalan, M.A., Manju somanath, Integral solution of ternary quadratic Diophantine equation
XY + YZ = ZX Antartical,Math,1-5,5(1)2008.
[71. Gopalan,M.A.,and Gnanam,A., Pythagorean triangles and special polygonal numbers, International
Journal of Mathematical Science, Vol.(9),No.1-2,211-215, Jan-Jun 2010.
[8]. Gopalan, M.A., and Vijayasankar, A.,Observations on a Pythagorean problem, Acta Ciencia Indica,
Vol.XXXVIM, No.4,517-520,2010.
[9]. Gopalan.M.A., and pandichelvi.V., Integral solutions of ternary quadratic equation
Z(X—Yy) =4xy , Impact J.sci TSech; Vol (5),No.1,01-06,2011.




International journal of Engineering Research-Online

A Peer Reviewed International Journal B4l SR =N NpIoki!
Articles available online http://www.ijoer.in

[10].

[11].

[12].

[13].

[14].

[15].

[16].

[17].

[18].

[19].

[20].

[21].

Gopalan, M.A. Kalinga Rani, J.On ternary quadratic equation X2 + y2 =7? +8,Impact J.sci tech ;

Vol (5), no.1,39-43,2011.
Gopalan, M.A., Geetha, D., Lattice points on the hyperbolid of two sheets

x> —6xy +y* +6X—2y+5=7%+4 , Impact J.sci tech ; Vol(4),No.1,23-32,2010.

Gopalan, M.A., Vidhyalakshmi, S., and Kavitha, A., Integral points on the homogeneous
cone z? = 2x* —7Yy?, Diophantus).Math.,1(2),127-136,2012.

Gopalan, M.A., Vidhyalakshmi, S., Sumathi,G., Lattice points on the hyperboloid one sheet
47% = 2x* +3y? — 4, Diophantus).math.,1(2),109-115,2012.

Gopalan, M.A,, Vidhyalakshmi, S., and Lakshmi,K., Integral points on the hyperboloid of two sheets
3y? =7x? —z% + 21, Diophantusl.math.,1(2),99-107,2012.

Gopalan, M.A., and Srividhya,G., Observations on y2 =2x? + 22 Archimedes).Math,2(1), 7-
15.2012.

Gopalan,M.A., Sangeetha,G.,Observation on y2 =3x? —2z% Antarctical.Math,9(4),  359-

362,2012.
Gopalan,M.A., and Vijayalakshmi,R., On the ternary quadratic equation

x* = (a? —=1)(y? — z%), @>1, Bessel J.Math,2(2),147-151,2012.

Manjusomanath, Sangeetha,G., Gopalan,M.A., On the homogeneous ternary quadratic Diophantine
equation X* + (2K +1)y? = (k +1)?z?, Bessel J.Math,2(2),107-110,2012.

Manjusomanath, Sangeetha,G., Gopalan,M.A., Observations on the ternary quadratic
equation y* = 3X? + 22, Bessel J.Math,2(2),101-105,2012.

Divya,S., Gopalan,M.A., Vijayalakshmi,S. lattice points on the homogeneous cone
x* +y? =40z°, The Experiment,2013 vol,17(3),1191-1199.

Mordell, L.J., Diophantine equations, Academic press, New York, 1969.

G.AKILA et al



