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ABSTRACT

The quadratic Diophantine Equation with five unknowns given by

X2 +y2 -+-Z2 = W2 + U2 is analyzed for its patterns of non — zero distinct integral

solutions. A few interesting relations between the solutions and special polygonal
numbers are exhibited.

KEY WORDS: Quadratic equation, Integral solutions, Special polygonal numbers,
Pyramidal numbers.

INTRODUCTION

The theory of Diophantine equations offers a rich variety of fascinating problems. In particular,
homogeneous or non-homogeneous Quadratic Diophantine equation with two or more variables have been an
interest to various mathematicians since antiquity [1-4]. In particular, one may refer [5-15] for different
choices of Quadratic Diophantine equations with four unknowns. This communication concerns with an
interesting homogeneous Quadratic Diophantine equation with five unknowns

X2 +y2 +Z2 =W2 +U2for obtaining its non-trivial integral solutions. A few interesting relations

between the solutions and special polygonal numbers are presented.
NOTATIONS USED

. tm‘n - Polygonal number of rank N with sizem.

o P,:n - Pyramidal number of rank N with sizem.
e S0, -Stellaoctangular number of rank N

e S, -Starnumberofrank N

e Pr, -Pronic number of rank N

o Pt, - Pentatope number of rank n

. Jn - Jacobsthal number of rank n

e Jy -Jacobsthal — Lucas number of rank n
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METHOD OF ANALYSIS
The quadratic Diophantine Equation with five unknown to be solved for its non-zero integral solution

(x,y,z,w,U) is

x2+y2+22=W2+U2 (1)
Which is satisfied by
(2m,n,m+n,m-n,2m+n), (2m,2n,2n +m,2n —m,2n + 2m)
2m+12n2m+n+12m-n+12m+2n+1),(ad,bd,t,a+bd,ad —b) in whicha? +b? =t2

a? +b? —t?
and (ad +qr,bd—pr,t,a+bd—pr,ad —b+qr) where r:#,ap+bq:l

However, we have other patterns of solutions of (1) and they are illustrated below.

Pattern -1
The substitution U =X+Y (2)

in (1) leads to 72 w2 - 2Xxy (3)
Taking X = 22(x—ly (4)
in (3) itis written as 22 —w? = (2%y)? (5)
which is satisfied by

W = p2 _ q2

1
y= —a(qu) (6)
2

z=p? +q?
Write p as p=2%p,(a>0) (7)
From (4), (6), (7) and (2), the corresponding nonzero distinct integral solutions of (1) are given by

x = 22%pq

y=2Pq

z=2%0p2 42

W = 220c P2 _ q2

_ 201

U =2Pq(2°*t +1)

Properties:

1. z(Lg)+w(La)+(-1) 2 =joq

2. U('[3,n :t3,n+2) - y(ts,n ’ t3,n+2) = 3-ZZ(HSPtn

3. x(p,q)+Yy(p,q) - U(p,q) + z(p,a) + w(p,q) = 0(mod
a. x(p,p+D+y(p,p+D)+U(p,p+1) =[3Ip441 +(-1) 22 ]Pry +8t3

22(X+1)
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5. x(p,2p2 +1) + 2y(p,2p2 +1) — U(p,2p2 +1) = 6ohp

Each of the following represents a Nasty number

3{z(p,q) —w(p.,q)}

3{x(p,a) +y(p,q) - U(p,q) + z(p.q) + w(p,a)}
Note that (5) is also satisfied by
w = 2pq

1 92 9
y_Z_O‘(p -q°)

Z= p2 + q2
For this choice , the corresponding nonzero distinct integral solutions of (1) are given by
X = 240(—1(P2 _QZ)
y=2%(P*-Q?%
z=2%%(P%2 1+ Q?)
W = 22(X+1PQ
Properties:
1. (W,Z(X , Z) forms a Pythagorean triangle.
2. 2(P,Q)+W(P.Q)= 2%ty pq
2
3. X(P,Q)+Y(P,Q) - U(P,Q) +W(P,P(P+1)) =2(**D" p3

4. X(Pv Q) + y(P1 Q) - U(P1 Q) + Z(P, Q) + t4,2aQ = O(mOd 22(1)

Each of the following represents a Nasty number

x(P,P) +y(P,P) +3z(P,P)
6(z(P,Q) -w(P,Q)}

Pattern-2:
The substitution of the linear transformations
X=Uu+vy=u-v,z=2uw=u+r,U=u—-r,(U#Vv=#r) (8)

in (1) leads to v 4202 =2

which is satisfied by

r=p? +2q°

=2
e p>q>0 (9)
v=p?-2q?

In view of (8) and (9), the corresponding nonzero distinct integral solutions of (1) are given by
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x =p?® - 29° +2pq
y=-p®+2q° +2pq
z=2pq
W=p2 +2q2 +2pq
U=-p®-29° +2pq
Properties:
1 X(t3n,t3n+2) +Y(t3n,tani2) =96Pty =2z(tg 0.tz n2)
2. X(tgp,P)+¥(t3p,P)+W(tg p,P)+ U(ts p,p) =8P7
3. x(p,q)+Yy(p,q) =z(p,q) =w(p,q)+ U(p,q)
4. x(p,2p2 -1) +y(p,2p2 -1) +z(p,2p2 -1) —W(p,2p2 -1)- U(p,2p2 —1) =4s0,
Each of the following represents a Nasty number
3{x(p,(p+D(p+2)) +w(p,(p +1)(p+2))}—72pg’
2{x(p,p) +y(p,p) + U(p.p) +z(p.p) + W(p, p)}

REMARKABLE OBSERVATIONS:
I: If the non-zero integer quintuple (Xq,Y0,20,Wq,UgQ) is any given solution of (1) then each of the

following three Quintuple (I to Ill) expressed in matrix forms also satisfies (1)

Quintuple | :
Xn _ _ _ _ _ 1\ Xo
Vi alyt +af3’ +afy’t ajy -1 ajp -1 afyt+aljit +al;! Yo
n n-1 n-1 n-1 n n-1 n-1 n-1
2 |= a1; -1 12" +a13 +aus a1 -1 814 +a4 Fau |,
W, afy ~1 -1 aly valy aly alylvadl vads |
n-1 n-1 n-1 n-1 n-1 n-1 n-1 n-1 n-1 n n n-1
U, ajq” tagy tagys Ay tay tagy Ay tayy tagy azq tagz+agy Uo

0O .0 .0 .0 .0
d11 8 A3 A agg
o .0 .0 .0 .0
dy1 g 8dp3 Apdng
- 0 .0 .0 0 .0
in which a31 332 a33 a11a35 =
o .0 .0 .0 .0
dg1 8yp 43 Aydyg
o .0 .0 .0 .0
d5p 8gp agz dpggasg

|
I =)
I N =
O L, O kR K
=T T S TEN AN
r O O o o

Quintuple Il :
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X1 0 -1 -1 1 0 \Xp

Y1 -1 0 -1 1 0 |vYyo

z1 |=|-1 -1 0 1 00}z

w1 -1 -1 -1 2 Wy

Uq 0 0 0 O Ug
Quintuple Il :

Xp 3 0 0 0 0)Xp

Yn 0 1 -4 2 2|Yyp

z, [=3%"720 -4 -5 4 4|z

W, 0 -2 -4 5 2|wy

U™, 0 -2 -4 2 5){Ug
CONCLUSION:

It is worth mentioning here that,by employing the method of factorization and applying the method
of cross-multiplication, one may obtain different values for y,z and w satisfy (5). To conclude, one may search
for other patterns of solutions and their corresponding properties.
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