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NOTATIONS: 

   
,m nT  -Polygonal number of rank n with size m  

     

m
nP - Pyramidal number of rank n  with size m  

     nPR - Pronic number of rank n  

     
nOH  - Octahedral number of rank  n  

     nSO -Stella octangular number of rank n      

      nS -Star number of rank  n   

     
nJ -Jacobsthal number of rank of  n  

     nj - Jacobsthal-Lucas number of rank n    

nKY -kynea number of rank n                                 

,3nCP  - Centered Triangular pyramidal number of 

rank n     

,6nCP  - Centered hexagonal pyramidal number of 

rank n           

 
4, ,3nF  - Four Dimensional Figurative number of 

rank n  whose generating polygon is a triangle         

4, ,5nF - Four Dimensional Figurative number of 

rank n  whose generating polygon is a pentagon.  
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  ABSTRACT   

The transcendental equation with six unknowns involving surds represented by the 

equation 
32 2 2 2 2 22 x y xy X Y z w   is analyzed for its patterns of non-zero 

distinct integral solutions. Infinitely many non-zero integer sextuple ( , , , , , )x y X Y z w  

satisfying the above equation are obtained. 

Three different patterns for finding the solution to the above problem are discussed. The 

relations between  the solutions and the Polygonal numbers,  Pyramidal numbers, Pronic 

number, Jacobsthal number, Jacobsthal-Lucas number, Octahedral number, kynea 

number, Centered pyramidal numbers and Four Dimensional Figurative numbers are 

presented. 

KEYWORDS: Transcendental equation, integral solutions, the Polygonal numbers,  

Pyramidal numbers, Pronic number, Jacobsthal number, Jacobsthal-Lucas number, 

Octahedral number, kynea number, Centered pyramidal numbers and Four Dimensional 

Figurative numbers.  
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INTRODUCTION 

Diophantine equations have an unlimited field of research by reason of their variety. Most of the Diophantine 

problems are algebraic equations. It seems that much work has not been done to obtain integral solutions of 

transcendental equations. In this context one may refer 1 16 . This communication analyses a 

transcendental equation with six unknown given by
32 2 2 2 2 22 x y xy X Y z w . Infinitely 

many non-zero integer sextuples ( , , , , , )x y X Y z w  satisfying the above equation are obtained. 

Method of Analysis: 

The Diophantine equation representing the transcendental equation is given by
  

           
32 2 2 2 2 22 x y xy X Y z w                                                             (1) 

 To start with, it is observed that (1) is satisfied by the following 2 non-zero distinct integer  

 Sextuples: 

( , , , , , )x y X Y z w : 
2 2 2 2 3 2 2 3( 12 4 , 12 4 ,  4 ,2 8 ,3 , ),k k k k k k k k k

 

                            
2 2 2 2 3 2 2 3 2 2( 12 4 , 12 4 ,  4 ,2 8 ,1 2 ,1 2 )k k k k k k k k k

 
However, we have other patterns of solutions which are illustrated below: 

To start with, the transformations       
      

2 2 2 2

2 2 2 2

3 2 , 3 2 ,

( ), ( )

x p q pq y p q pq

X p p q Y q p q
                                                        (2) 

in (1) leads to 

     
2 2 22q z w                                                                                                   (3) 

Pattern1: 

 Let 
2 22z                                                                                                           (4) 

Rewriting (3) as 

2 2 22w q z                                                                                                           (5) 

 and using the method of factorisation, define 

   
2( 2 ) ( 2 )w i q i     

Equating real and imaginary parts, we get 
2 22 , 2w q                                                                                                   (6) 

In view of (2), (4) and (6), we have the integral solution of (1) as 

2 2 2

2 2 2

2 2 2

2 2 2

2 2

2 2

12 4

12 4

( 4 )

2 ( 4 )

2

2

x

y

X

Y

z

w

                                                                                       (7) 
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Properties: 

 
2

2 2
4, 4, ,6 4,

1.3( 1)[ ( , ) ( , ) 4( ( , ) ( , )) 2( ( , ) ( , ))

                    (8 4 ) 8( 3)( ) 8( . ) 8 ]a a a a aa

x a a y a a z a a w a a X a a Y a a

T PR T SO CP T
 is a nasty number. 

2. 
3

4, 3, 4, ,6( 1) [ ( , ) ( , ) ( , ) (8 3) 12(2 . )]a a a ax a a X a a z a a T T T CP  is a cubic integer. 

3. 
5

,6 4,( , ) ( , ) ( , ) 8 (2 ) 0a a ax a a y a a w a a P CP T  

4. 
3

4, ,3 3, ,6(2 , ). (2 , ) 12[24 36 14 2 ]a a a a az a a w a a F P T SO CP  

5. 
5 3

4, 6, ,6( ,1). ( ,1) 2 (2 ) 16 0(mod 32)a a aX a Y a T T CP  

Pattern2: 

Now, rewrite (3) as, 

 
2 2 22 *1w q z                                                                                                               (8)             

Also 1 can be written as  

       

2 2

2 2

((2 ) 2 2 )((2 ) 2 2 )
1

(2 )

k i k k i k

k
                                                          (9)   

Substituting (4) and (9) in (8) and using the method of factorisation, define 

    

2 2

2

(2 2 2 )( 2 2 )
( 2 )

(2 )

k i k i
w i q

k
                                                    (10)  

Equating real and imaginary parts in (10) we get 

       

2 2 2

2

2 2 2

2

1
[(2 )( 2 ) 8 ]

2

1
[2 ( 2 ) 2 (2 )]

2

w k k
k

q k k
k

                                                            (11)                                          

considering  (11), (4) and (2) and performing some algebra, the corresponding values of  , , , , ,x y X Y z w  are 

obtained as follows: 

2 2

2 2

2 2

2 2

2 2 2 2

2 2 2 2

3 2

3 2

( )

( )

( 2 )(2 )

(2 )[( 2 )(2 ) 8 ]

x p q pq

y p q pq

X p p q

Y q p q

z k

w k k k

                                                             (12) 

where 
2 2 2 2(2 )[2 ( 2 ) (2 )2 ], 1,2,......q k k k k  

Now, rewrite (3) as, 

 
2 2 22 *1z q w                                                                                                                   (13)             

Also 1 can be written as  
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2 2

2 2

(2 2 2 )(2 2 2 )
1

(2 )

k k k k

k
                                                                (14) 

 Following the same procedure as above we get the integral solution of (1) as  

2 2

2 2

2 2

2 2

2 2 2 2

2 2 2 2

3 2

3 2

( )

( )

(2 )[(2 )( 2 ) 8 ]

(2 ) ( 2 )

x p q pq

y p q pq

X p p q

Y q p q

z k k k

w k

                                                           (15) 

where 

2 2 2 2(2 )[2 ( 2 ) (2 )2 ], 1,2,......q k k k k  

Pattern3: 
Using the transformations       

      
2 2 2 2

2 2 2 2

3 2 , 3 2 ,

( ), ( ),

,

x p q pq y p q pq

X p p q Y q p q

z r s w r s

                                                          (16) 

in (1) we have 

     
2 2q rs                                                                                                                             (17) 

The choices 

2 1 2 22 ,    ,        , 1,2,.....n n nr s                                                         (18)  

in (17),give 

(2 )nq                                                                                                                             (19) 

Using (16), (18) and (19) the integral solution of (1) is obtained as 

2 2

2 2

2 2

2 2

2 1 2 2

2 1 2 2

3(2 ) 2 (2 )

3(2 ) 2 (2 )

( (2 ) )

(2 ) ( (2 ) )

2

2

n n

n n

n

n n

n n n

n n n

x

y

X

Y

z

w

                                                                             (20) 

Note; 

By taking    r and s    differently, we get different values for  z  wand                                                                   

Properties: 

1.
5

,6
( , ) ( , ) 4 2 0nn aa

z a a w a a P CP  

2. 2
2 2

4,
8 [ ( , ) ( , ) 6(2 )]n

n

a
x a a y a a T  is a  biquadratic  integer. 
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3.
4 2

4, ,5 ,6 4,
( , ). ( , ) (2 1)(6 3 2 ) 0n n n

n

a a a
z a a w a a F CP T  

2 1 2 2 2 1 2 1 3 1

4, ,6

4.3( 1)[ ( , ) ( , ) 2{ ( , ) ( , ) ( , ) ( , )}

       (2 4(2 ) 2 ) 2 2 ]n n n
n n n n n

a a a

x a a y a a z a a w a a X a a Y a a

T PR CP
 is a nasty  integer. 

 5. 0)]CPT.CP2(2CP2)TT2()[2()1,a(Y).1,a(X
3,aa,43,a

n4

6,a

21n2

a,4a,3

4n
nnnnnn

                                      

CONCLUSION  

In conclusion, one may search for different patterns of solutions to (1) and their corresponding properties.       

REFERENCES 

[1]. Bhantia, B.L and Supriya Mohanty, ‘‘Nasty numbers and their Characterizations’’  Mathematical 

Education, 1985, Vol-II, No.1 Pg.34-37, 1985 

[2]. Dickson, L.E, History of Theory of numbers, Vol.2, Chelsea publishingcompany, Newyork, 1952. 

[3]. Gopalan, M.A and Devibala, S, ‘‘A remarkable Transcendental Equation’’, Antartica. J.Math, 2006, 

3(2), 209-215  

[4]. Gopalan, M.A and Pandichelvi, V ‘‘On transcendental equation 33 yBxyBxz ’’, 

Antarctica.  J.Math, 2009, 6(1), 55-58 

[5]. Gopalan, M.A and Kaliga Rani, J, ‘‘On the Transcendental equation  

zgzyhyxgx ’’International Journal of mathematical sciences,  Jan-Jun 2010 

Vol.9, No.1-2, 177-182 

[6]. Gopalan, M.A and Pandichelvi, V, ‘‘Observations on the transcendental equation 

3 22 ykxxz ’’Diophantus J.Math., 2012, 1(2), 59-68  

[7]. Gopalan, M.A and Kaliga Rani, J ‘‘On the Transcendental equation       

zzyyxx ’’, 2012, Diophantus.J.Math.1 (1), 9-14 

[8]. Gopalan, M.A, Manju Somanath and Vanitha, N, ‘‘On Special Transcendental Equations ’’Reflections 

des ERA-JMS, 2012, Vol.7, issue 2, 187-192 

[9]. Gopalan, M.A, Sumathi, G and Vidhyalakshmi, S” On the Transcendental equation with five 

unknowns
42 2 2 2 2 2 633 2 ( )x y X Y r s z ”  GJMMS,  2013 Vol.3(2), 63-66 

[10]. Gopalan, M.A, Vidhyalakshmi ,S and Kavitha, A, “An Exclusive Transcendental 

Equation
32 2 2 2 2 22 2 2 ( 3)ny x X Y k z ”IJPAMS, 2013, Vol.6, No.4, 305-311 

[11]. Gopalan,M.A, Vidhyalakshmi, S and Kavitha, A“On the Ttranscendental  equation    

32 2 2 2 227 2 2y x X Y z ’’ Diophantus Journal of Mathematics, 2013, Vol.2 (2), 77-85 

[12]. Gopalan, M.A, Vidhyalakshmi, S and Mallika, S,” An interesting Ttranscendental   equation 

32 2 2 2 2 26 3 2Y X Z W R ’’, Cayley J.Math, 2013, Vol.2 (2), 157-162 

[13]. Gopalan, M.A, Vidhyalakshmi, S and Lakshmi, K” Observation on the Transcendental 

equation with five unknowns  
32 2 2 2 22 5x y W P Z ’’, Cayley J.Math., 2013, 2(2),139-

150 

[14]. Mordel, L.J, Diophantine Equations, Academic press, Newyork, 1969. 



International journal of Engineering Research-Online  

A Peer Reviewed International Journal   
Articles available online http://www.ijoer.in 

Vol.1., Issue.3., 2013 

 

345 K.LAKSHMI et al 

 

[15]. Pandichelvi, V, ‘‘An Exclusive Transcendental equation    

223 223 22 R)1k(wzyx ”, International Journal of Engineering Sciences and 

Research Technology, 2013, Vol.2, No.2, 939-944 

[16]. Vidhyalakshmi, S, Gopalan, M.A and Kavitha, A, “On the special Transcendental Equation 

2 2 2 2 23 ( )sx y z ”IJAMS, 2013, Vol.6, No.2, 135-139 


