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Notations:

tm,n = Polygonal number of rank n with sides m

pr?] = Pyramidal number of rank n with sides m

Ct,, , = Centered Polygonal number of rank n with sides m
Cp;, = Centered Pyramidal number of rank n with sides m
Pn =Pronic number

On

= Gnomonic number

©KY PUBLICATIONS

INTRODUCTION
The fascinating branch of mathematics is the

) ka® i) ka",n>2 i) 3p;, iv) 12pt,, are

obtained. In [25], different methods of obtaining
theory of numbers where in Pythagorean triangles
of

mathematicians and to the lovers of mathematics,

pairs of Pythagorean triangles which are such that, in

have been a matter interest to various

each pair, the difference between the product of

o ) ] their generators is a perfect square.
because it is a treasure house in which the search for . . A
i o . In this communication, we present infinitely
many hidden connection is a treasure hunt. For a rich . e
i o many Pythagorean triangles such that each satisfying
variety of fascinating problems one may refer [1-

hypotenuse - 4 Area is a quartic integer are
9,12-18,20-23].A careful observer of patterns may Perimeter
note that there is a one to one correspondence  obtained. Also we have presented with suitable
between the polygonal numbers and the number of  properties obtained from the generators of

sides of the polygon.

In [10,11,19], special Pythagorean triangles
connected with polygonal numbers and Nasty
numbers are obtained. In [24] pairs of distinct
Pythagorean triangles such that in each pair the

difference between their perimeter is represented by

Pythagorean triangles.
Method of Analysis

It is well known that the Pythagorean

triangle is represented by equation )<2+y2:z2

whose most cited solution is
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2, .2 2 2
X=2pq,y=p~+Qq~,z=p"—-q°,
p>q>0 (1) p= n4a4 + 4n4b4 —12a2n4b2 —8an4b3 + 4a3n4b
Here p, q are called generators of
Pythagorean triangle.
The assumption g= _8an4b3 + 4a3n4b

hypotenuse —4& —a* (2)
Perimeter

gives

p?+39° —2pg=a 3)

To start with it is noted that the triple of integers
satisfy (3) is (36R2, 24R2,6R2)-

We solve (3) through different methods and
obtain different choices for generators for p and q.
Substitute these values of p and q in
equation (3), we obtain infinitely many Pythagorean
triangles, each satisfying the relation (2).

Method 1:
Assume p=u+nvand g=nv (4)
in (3) gives, U2 + 2[‘]2V2 = a4 (5)

Let us assume & = (na)2 + 2n2b2 in (5) gives

2
2
u? +2n%v? = (((na)2 +2n2b2) ] (6)
On employing the method of factorization we get

(u + iﬁnv)(u —i«/?nv) = ((na + i«/inb)2 (na— i«/§nb)2 JZ (7)

On equating the positive and negative factors, we get

(u + i\/inv) = ((na + ix/inb)zJ2

2
2
(u - i«Env) = ((na— iﬁnb) j
On equating real and imaginary parts, we have
u=n%a? +4an%p? —12a2n4b2
nv = —8an4b3 + 4a3n4b

Substituting the values of u and nv in (4), the
generators of p and g are given by

For p and g to be generators of the Pythagorean
triangles satisfy (2), the parameters a, b should
satisfy the following conditions

1. a2 > 2b2
2. (a2 —2b2) >8a2b2

Numerical Example:

Area
Hypot -4
a bop q ypofenuse Perimeter
4
4 1 292 224 (18)
4
5 1 789 460 (27)
4
7 2 2409 2296 (57)

A few interesting properties satisfied by generators
are given below

1. q(l,l,b)+b+30p%6 =0

2. p(n,2,1)+12ncpg =0

Method 2:
Rewrite (6) as

2
2
u +2n2y2 = ((na)2 + 2n2b2) x1 (8)

Write 1 as

1=(1+i2\/§L<1—i2\/§) o

Using (9) in (8) it is written in factorizable form as

(u”‘ﬁnv)(ui«/fnv)[(nanﬁnb)z(nai\/?nb)z]zma(l_izm (10)

On equating the positive and negative factors, we get

2(1+i2«/§)

3

(u + i\/?nv) = [(na+ iﬁnb)zj
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2 (1-i242)

fo-iv2m) = {ra-ivzb) | £

On equating real and imaginary parts, we obtai

u= %(n4a4 + 4n4b4 —12n4a2b2 +32n4ab3 —16n4a3b)

nv= %(2n4a4 +8n4b4 —22n4a2b2 —8n4ab3 +4n4a3b) (11)
Replacing a by 3A and b by 3B in the above equations
(11), we get

u=27n%a% +108n?B% —324n*A2B2 + 864n? AB3 — 432n%A%B

nv=54n*A% + 2160?84 —648n? A2B2 — 216n* ABS +108n% A3B
Substituting the values of u and nv in (4), the
generators of p and q are given by

p= 27(3n4A4 +124n*B%4 —36n*A2B2 + 24n* AB3 —124n*A3B

q= 27(2n4A4 +8n*B% - 24n*A%B2 _gn*aB3 +4n4A3B)
For p and q to be generators of the Pythagorean

triangles satisfy (2), the parameters a, b should
satisfy the following conditions

2 2A3B+ A% +aB% > 4AB3 +12A2B2

@ A%+ 4B +32AB3 >12A2B2 116A3B
Numerical Example:

Area
b Hypotenuse —4 ————
P q P Perimeter
7
7 950373 413586 (891)
3 34101 6210 (171)4
5 255636 21384 (486)4

A few interesting properties satisfied by generators
are given below

1. p(n,L,2)—18225ncp§ =0

2. q(l,a,1)+27[t48ﬁ+14ga+a+6—t6 a2 —60p§j=0

Remark:
It is worth to mention that instead of (9) one
may have the following representations for 1 as

(7+i4ﬁ)(7—i4ﬁ)
81
(7+i6J§)(7—i6J§)

121

(17+i6v2)(17-i6v2)
361
Following the procedure presented in above

methods, one may get the generators of p and q.
Method 3:
Write (5) as

2n2v2 = a4 —u2

2vn*vn :(a2 —u)(a2 +u)

which is expressed in the form of ratio as

a2 +U 2vn A
=— =—, B=0 (12)
vn at—-u B
This is equivalent to the following two equations
uB—Avn+Ba2 =0

UA+2Bvn— Ax? =0
On solving the above equation by the method of
cross multiplication we get,

u=A2_2p2

nv=2AB (13)

o® =282+ A2
The above equatior of the form

x2 = Dy2+z2

Therefore, B=2rs, A= 2I’2 —82
a= 2r2 + 52

Substituting the values of A and B in (13), and the
values of u and nv in (4), the generators of p and q

and

are given by
p= art ¢ 54 —12r232 +8r33 — 4rs3
q= 8r3s — 4rs3
For p and q to be generators of the

Pythagorean triangles satisfy (2), the parameters a, b
should satisfy the following conditions

2,42

4. 4

< 2r

3

& 4r + 4rs3 > 12r252 +4rs
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Numerical Example:

s p q Hypotenuse —4%
1 421 204 (19)*
2 3156 1840 (54)4
3 5913 4536 (81)4

A few interesting properties satisfied by generators
are given below

1. p(r,l)—q(r,1)+16r2=ct8 2
2. p(r’l)_tlo r2 +t20,r+4gr+3:q(r’l)
Conclusion

One may search for Pythagorean triangles
Area
Perimeter
integer. The generators is represented by special

such that the hypotenuse - 4 is a quartic

polygonal numbers and pyramidal numbers.
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