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1. INTRODUCTION of intuitionistic (S, T)-fuzzy H,-submodule of an
The concept of hyperstructure was H,-module. Basing on [11], in this paper, we apply
introduced in 1934 by Marty [1]. Hyperstructures the notion of interval valued intuitionistic (S, T)-
have many applications to several branches of pure )
. . . . . fuzzy H,-submodules of an H,-module and describe
and applied sciences. Vougiouklis [2] introduced the he ch o ) " ) o
notion of H,-structures, and Davvaz [3] surveyed the the (; lalracterls'tlc prop.ert|eséT € paperf|s (;rganlze |
theory of H,-structures. After the introduction of Zsf' .o. ows: In section so(;’nef undamenta
fuzzy sets by Zadeh [4], there have been a number efinitions on H,-structures an uzzy sets are

- . explored, in section 3 we establish some useful
of generalizations of this fundamental concept. The P

notion of intuitionistic fuzzy sets introduced by ~ Properties on interval valued intuitionistic (5. T)-

Atanassov [5] is one among them. For more details fuzzy H,-submodules and in section 4 interval valued
on intuitionistic fuzzy sets, we refer the reader to [6, intuitionistic (S, T) -fuzzy relations on an H, -
7]. module are discussed.

In [8] Biswas applied the concept of 2. Basic Definitions
intuitoinistic fuzzy sets to the theory of groups and We first give some basic definitions for proving the
studied intuitionistic fuzzy subgroups of a group. In further results.

[9] Kim et al. introduced the notion of fuzzy sub Definition 2.1 [12] Let X be a non-empty set. A

quasigroups of a quasigroup. In [10] Kim and Jun mapping 4 X —)[0, 1] is called a fuzzy set in

introduced the concept of fuzzy ideals of a
semigroup. In [11] Zhan et al. introduced the notion
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X .The complement of 4, denoted by x°, is the
fuzzy setin X given by

w1 (X)=1-pu(x) vxeX.

Definition 2.2 [12] Let f bea mapping from a set
X toaset Y Let u beafuzzysetin X and A4
be a fuzzy set in Y. Then the inverse image
f (A1) of A isafuzzysetin X defined by
FLX) =A(F(X) YxeX.

The image f (1) of wisthe fuzzy setin Y defined
by

sup u(x), fHy)=g

f (lu)(y) =3 _1%), otherwise

Forall yeY .
Definition 2.3 [12] An intuitionistic fuzzy set A in a

non-empty set X is an object having the form

A={(X, a,(X), Br(X)) : x e X}, the
functions a, : X —=[0,1] and S,: X —[0,1]

denote the degree of membership and degree of

where

non membership of each element X € X to the set
A respectively and0<a,(X)+ SB,(X) <1 for
the

allxe X . shall

A:{aA, ﬂA}for the intuitionistic fuzzy set
A={(x @,(X), B,(x)): X X}.

[12] A={ay, fr}
B ={c;, s} be intuitionistic fuzzy sets in X .

We use symbol

Definition 2.4 Let and

Then
(1) Ac B a,(x) <ag(x) and S,(x) < S5 (X),

(2) A° ={(x, Ba(X), 2, (X)) : x € X3},
(3) AnB = (X, min{e, (x), a5 (X)},
max{B,(x), B (NP :xe X |

(4) AU B _ {(Xl max{aA(X)! 6{B (X)})

- | min{B, (), B()}) : x e X
(5) JA={(X, &, (x), s (X)) : x € X},

(6) 0A={(x, Ba(X), Bp (X)) : x € X |.

Definition 2.5 [13] Let G be a non—-empty set and
*:GxG — 0" (G) be a hyperoperation, where
go*(G) is the set of all the non-empty subsets of
G .where AxB= U ax*b, VA BcG.

aeA, beB
The * is called weak commutative
ifXkyNy*x=g, VX, yeG.
The * is called weak associative

if(Xxy)*znxx(y*z2)=¢, VX Yy, 2€G.
A hyper structure (G, *) is called an H,—group if

(i) * is weak associative.
(ia*xG=G*a=G, VaeG
axiom).

Definition 2.6 [14] Let G be a H,-group and let U

(Reproduction

be a fuzzy subset of G. Then £ is said to be a fuzzy
H,-subgroup of G if the following axioms hold:

O mindu(x), u(y)}< Inf{u(@)}, Vx, yeG
(ii) For all X,a€ G there exists Yy €G such
that X e a* Yy and min{u(a), 1(X)}<{u(y)}.
Definition 2.7 [15] Let G be a H,-group. An
intuitionistic fuzzy set A={ar,, B} of G is called

intuitionistic fuzzy H,-subgroup of G if the

following axioms hold:
(i) min{a, (x), a,(V} < inf {a,(2)}, VX, yeG.
zZex*y

(i) For all X,a€G there exists Y€G such
thatXxea* yand

min{a, (a), o, (X)} <{a,(V)}-
(iii) sup{B,(2)} < max{B,(x), Bu(¥)}, VX yeG.

zex*y
(iv) For all X,a€Gthere exists Yy€G such
thatXea* yand

{B.(Y)}< max{f,(a), B(X)}-

Definition 2.8 [13] An H,—ring is a system (R,+,")
with two hyperoperations satisfying the ring-like
axioms:

(i) (R,+) isan H,-group, that is,
((x+yY)+2)Nn(X+(y+2))#¢ VX, yeR,
a+R=R+a=R VaeR;

(i) (R,-) isan H,-semigroup;
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(iii) () is weak distributive with respect to (+),
thatis, forall X,¥,Ze€R,

(X-(y+2) N (X-y+Xx-2) # ¢,
((x+y)-2)n(X-z+Yy-2) # ¢

Definition 2.9 [16] Let R be an H,-ring. A nonempty
subset | of R is called a left (resp., right) H,-ideal
if the following axioms hold:

(i) (I,+) isan H,-subgroup of (R,+),

(i) R-1 < (resp, | -Rc 1)

Definition 2.10 [16] Let (R,+,-) be an H,~ring and
M afuzzy subset of R. Then u is said to be a left

(resp., right) fuzzy H,-ideal of R if the following

axioms hold:

@O min{(X), (Y} inf{u(2): ze x+ y}vx,y eR,

(2) For allX,a€ R there exists Yy € R such that

Xea+y and min{u(a), u(X)}< u(y),

(3) For allX,ae R there exists Z€ R such that
X e z+a and min{u(a), (X))} < u(z2),

(A u(y) <inf{u(z):zex-y}

[respectively

u(xX)<inf{u(z):zex-y} Vvx,yeR1

2.11 [16] An
set A:{(ZA, ,BA} in R is called a left (resp., right)

Definition intuitionistic  fuzzy

intuitionistic fuzzy H,-ideal of R if following axioms
hold:

@ min{e,(X), o, (V)}<inf{e,(2): z e X+ Y}

and

max{,(x), B(y)} = sup{B,(2): z e x+ ¥}
forall X,y €R,
(2) For all X,a€ R there exists ¥ € R such that

Xea+y min{e, (a), o, (X)} < a,(2)
and maX{ﬂA (a), ﬂA(X)}Z :BA(y)a

(3) For all X,a€ R there exists Z € R such that
Xxez+a min{, (a), 114 (X)} < 12, (2)
and Max{f3, (@), B,(X)}= fx(2),
(@)ar, (y) <inf{a, (2) : 2 € x- v}
a,(X)<inf{a,(2):zex-y} VX, yeR]

and S, (y) Zsup{B,(2):z € X-y} [respectively
LX) =sup{B.(2):zex-y} VX yeR]

and

and

[respectively

Definition 2.12 [16] A nonempty set M is called an
H,-module over an H, -ring R if (M, +) is a weak
commutative H, -group and there exists a map

S RxM —>p*(M),(r,x)—>r.x Such that for
all a,beR

(a(x+y))(
((x+y)a)n(xa+ya)=4,
A

(a.(bx))n((ab).x) = 4.

Note that by using fuzzy sets, we can consider the

X,yeM, we

and

N ax+ay =g,

have

structure of H, -module on any ordinary module
which is a generalization of a module.
Definition 2.13 [18] A fuzzy set 1 in Mis called a

fuzzy H,-submodule of M

if

@ min{u(x), u(V)}<inf{u(2) : z e x+ y}vx, y e M,
(2) Forall X,a € M there exists ¥,Z € M such

that X e(a+y)N(z+a) and

min{(a), ()} <inf {u(y), u(2)},

B u(y) <inf{u(z):zex-y}for all yeM
and X e R.
Definition 2.14 [11] An intuitionistic fuzzy

set A={a,, .} inan H, —-module M over an H, -

ring R is said to be an intuitionistic fuzzy H,-
submodule of M if the following axioms hold:

@ min{a,(x),x,(V)}<inf{a,(2): ze X+ y}

and

max{,b’A(x), ﬂA(y)}Z Sup{ﬁA(Z) 1ZeX+Yy}
forall X,yeM,
(2) For all X,a € M there exists Y € M such that

min{a, (@), a, ()} < a,(2)

and max{3,(a), B, (X)}= B, (),

(3) For all X,a€ M there exists Z€ M such that
min{, (@), #a ()} < 114 (2)
and Max{3, (a), B,(X)} = B (2),

Ao, (x)<inf{a,(z):z er-X}and

Ba(X) Zsup{B,(2):zer-x} for al xeM
and r eR.

Xea+y and

XezZ+a and
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Definition 2.15 [17] By a t-normT , we mean a
function T Z[O,l]X[O,l]—)[O,l] satisfying the
following conditions:

()T (x,1)=x,

(iDT(xy)<T(x,z) if y<z,

()T (x,y)=T(y,x),

(V)T (xT(%.2))=T(T (xy).2)

Forall X,Y,Z € [0,1].

Definition 2.16 [17] By a S-normS, we mean a
function S :[O,1]><[0,1]—>[0,1] satisfying the
following conditions:

(i)S(x,0)=x,

(ii)S(x,y)<S(xz) if y<z,

(iii) S (x, y)=S(y,x),

(V)8 (%8 (y.2))=8(S(x).2)

Forall X,Y,Z € [O,l].

It is clear that

T (a,ﬁ) <min {a,ﬂ} < max{a,ﬂ} <S (a,ﬂ)
Forall &, B € [0,1].

By an interval number & we mean an
interval [a’,a*} where 0<a” <a” <1. The set
of all interval numbers is denoted by D[O,l]. We
also identify the interval [a,a] by the number
ae [0,1].

For the interval numbers

a =[a1‘,ai+]e D[O,l],i € |, we define
max{éii,ti}:[max(ai‘,bi‘),max(a.+ bfﬂ,

i {58} min (a1 ).min (a1 .

i iel

and put

(1)& <& <a <a and & <aj,
(2)51:~2c>a;:a; and & =a,,
(3)§1<~2<:>§1S§2 and 8, # 4,

(4) kd= [ka‘, ka*], whenever 0 <k <1.
It is clear that (D[O,l],S,v,/\) is a complete
lattice with 0:[0,0] as least element and

1= [1, 1] as greatest element.

By an interval valued fuzzy set F on X we mean the
set F :{(x,[a;(x),a;(x)]):XG X}. Where
@ and @; are fuzzy subsets of X such that

ag (X) < af (X) forall X X. put

a. (x):[a; (x), e (x)] Then

F={(x @ (x)):xe X}, where

& : X - D[0,1]

If A, B are two interval valued fuzzy subsets of X,
then we define

AcB if and only if for all XeX,
o, (X) < g (X) and a, (X) < ag (X),
A=B if and only if for all

xe X, a,(X)=0ag(X) and a, (X)=ag (X),
Also, the union, intersection and complement are

defined as follows: let A; B be two interval valued
fuzzy subsets of X, then

AUB= {(x,[max{a,; (x), g (X)) max{a; (x), a5 (x)}}) Xe X},
A B = (x[ min{e, (x),5 (x)}min{a; (x)  (x)
A= {(x,[{l—a;(x),l—a; (x)}}) Xe X }

According to Atanassov an interval valued

intuitionistic fuzzy set on X is defined as an object
of the form A= {(X,&A(X),IBA(X)) ‘Xe X},
where @, (X) and EA (X) are interval valued
fuzzy sets on X such that

0<supd, (x)+sup B, (x)<1forall X € X.

For the sake of simplicity, in the following such
interval valued intuitionistic fuzzy sets will be

denoted by A= (dA,ﬁA).
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3. Interval Valued Intuitionistic (S, T)-Fuzzy Hv-
Submodules

In what follows, let M denote an Hv-module over an
Hv-ring R unless otherwise.

Definition 3.1. An interval valued intuitionistic fuzzy

set A= (O?A,,BA) of M is called an intuitionistic

fuzzy Hv-submodule of M with respect to t-norm T
and s-norm S (briefly, intuitionistic (S, T)-fuzzy Hv-

submodule of M) if it satisfies the following

)) inf, ., & A(Z)  and

conditions:

(DT (@ (

S(Ba(x )ﬂA( ))zs Procy Bu(2), 9K,y M,

(2) For all X,a€ M there exists Yy €M such

that Xea+Y and T (@, (a),@,(X))<a,(y)

and S( B, (a), Ba(x)) 2 Ba(Y),

(3) For all x,aeM there exists Z€M such
that X € Z+a and T( A(X))<a,(2)
and S(fr(2), Aa(¥)) B
(4)&A(x)3|nfzerxo7 (z )and
Ba(X)=sup,_,, Ba(2), for all XeM and

reR.

Definition 3.2. The norms T and S are called dual if
forall a,b[0,1],T (a,b)=5(a,b).
Lemma 3.3. Let T and S be dual norms. If
A= (O?A,,éA) is an interval valued intuitionistic
(S, T)-fuzzy Hv-submodule of M, then so is
A= (@,a,).

Proof. It is sufficient to show that &, satisfies the

conditions of Definition 3.1. For all X,y € M, we
have T (c,(X),@,(y))<inf,,., a@,(z) and

SO

T (1=, (x).1-a,(y)) <inf,, (1-@,(z)).

Hence

T (1=, (x).1-a,(y)) <inf,, (1-@,(z)).

T (1=, (%), 1@, (y)) <1-5Up,.,., @4 (2)
since T and S are dual.

Now, let @, X € M. Then there exists Yy € M such
that Xea+y and

T (&A (a),o?A(x)) < &A(y). It follows that that
T(1-a,(a)1-a,(x)) <1-a,(y),

a,(y)<1-T (16, (a) 1-G, (x)) = S(a (a), @ (x)).

Similarly, let &, X € M. Then there exists Z€ M

such that Xez+a and
2 (2)<5(2,(2). 3 ()
Now, let XeM and reR, we have

a, (X) < infzer.x a, (Z) since &, is a T -fuzzy Hv-
submodule of M. Hence

1—d_A(x)sian€r.x (l—aTA(Z)) which implies

SUP, .. G (2) <@, (X).
Therefore [JA = (dA,O?_A) is an intuitionistic (S,

T)-fuzzy Hv-submodule of M.

Lemma 3.4. let T and S be dual norms. If
A= (dA,,BA) is an interval valued intuitionistic

(S, T)-fuzzy Hv-submodule of M, then so is

A= (BuBy).
Proof. The proof is similar to the proof of Lemma
3.3.
Combining the above two lemmas it is not difficult

to verify that the following theorem is valid.
Theorem 3.5. Let T and S be dual norms. Then

A= (dA,,BA) is an interval valued intuitionistic

(S, T)-fuzzy Hv-submodule of M if and only if [IA

and QA are interval valued intuitionistic (S, T )-fuzzy
Hv-submodules of M.
Corollary 3.6. Let T and S be dual norms. Then

A= (dA,ﬁA) is an interval valued intuitionistic
(S, T)-fuzzy Hv-submodule of M if and only if &,

and ﬁA are T —fuzzy Hv-submodules of M.
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Definition 3.7. An interval valued intuitionistic (S, T)-

fuzzy Hv-submodule A = (dA, [;’A) of M is said to

be imaginable if 0~5A and ,BA satisfy the imaginable

property.

The following are obvious.

Lemma 3.8. Every imaginable interval valued
intuitionistic (S, T)-fuzzy Hv-submodule of M is
interval valued intuitionistic fuzzy Hv-submodule.
Lemma 3.9. [19] A fuzzy set p in M is a fuzzy Hv-
submodule of M if and only if the non-empty U (y;
a), a €[0,1]is an Hv-submodule of M.

Lemma 3.10. [19] A fuzzy set g in M is a fuzzy Hv-
submodule of M if and only if the non-empty p is an
anti-fuzzy Hv-submodule of M.

By the above Lemmas, we can give the following
results.

Theorem 3.11. If A= (dA,ﬁA) is an imaginable
interval valued intuitionistic fuzzy set in M. Then
A= (O?A,BA) is an interval valued intuitionistic
(S, T)-fuzzy Hv-submodule of M if and only if the
non-empty sets U(&,; @) and L(ﬁA;a) are Hv-
submodules of M, for every a €[0,1].

Theorem 3.12. Let A = (dA,,BA) be an interval

valued intuitionistic (S, T)-fuzzy Hv-submodule of M.

Then @,(X) = supf{ex €[0,1]|x e U(a,; )}

and  S,(X) = inf{a €[0,1]|x € L(5,;a)},
forall X € M.
Definition 3.13. Let f: M - M’ be a strong

epimorphism of Hv-modules. If A = (O?A,,BA) is
an interval valued intuitionistic fuzzy set in M’, then
the inverse image of A under f, denoted by f_l(A),
is an interval valued intuitionistic fuzzy set in M,
defined by T (A) = (F(&,), T (B,)).

By the above Definition, we can give the following
result.

Theorem 3.14. Let f : M - M’ be a strong

epimorphism of Hv-modules. If A= (dA,BA) is

an interval valued intuitionistic (S, T)-fuzzy Hv-
submodule of M’ Then the image

f1(A) = (F'(a,), T(B,) of Aunder fisan

inverse

interval valued intuitionistic (S, T)-fuzzy Hv-
submodule of M.

4. Interval Valued Intuitionistic (S, T)-Fuzzy
Relations

We first recall that a fuzzy relation on any set X is a
fuzzy set p: XxX = [0, 1]. We now give the following
definitions and cite some known results.

Definition 4.1. An interval valued intuitionistic fuzzy
set A= (dA,,BA) is called an interval valued
intuitionistic fuzzy relation on any set X if O?A and
ﬂ~A are fuzzy relations on X.

Definition 4.2. Let A = (dA,[;’A) and

B= (&B,ﬂB) be interval valued intuitionstic

fuzzy setsonaset X. If A= (dA, BA) is an
interval valued intuitionistic fuzzy relation on X, then
A= (07A, BA) is called an interval valued
intuitionistic (S, T)-fuzzy relation on

B= (078,,38) if and

:BA(X’ y) S(:BB (X), ﬁB (Y)), forall X, ye X.

Definition 4.3. The interval valued intuitionistic (S,
T)-Cartesian product of A and B, denoted by A x B, is
an interval valued intuitionistic fuzzy set on X, which
is defined by

AxB= (&AlﬁA)x(&B'ﬁB) = (dAXdB, ﬁAXﬁB)’

(aaxag)(X, y) =T(a\(X), a(y))
and (ﬂNAXBB)(Xy Y) :S(BA(X)I EB(y)) hold

forall X, ye X

where

lemma 44. If A= (dA,ﬂA) and
B= (dB,,BB) are interval valued intuitionistic

fuzzy sets on a set X. Then we have
(i) A x B is an interval valued intuitionistic (S, T)-fuzzy
relation on X;

(i) U(a,xag;a) =U(a,;a)xU(a,;a) and
U(B,x Bsir) =U(By;a)xU(Bg;a) for all
a €[0,1].

Definition  4.5. If A= (@,f3,) and
B= (& /B,) are interval valued intuitionistic

fuzzy sets on a set X, the strongest interval valued
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intuitionistic (S, T)-fuzzy relation on X is defined by
Ag = (aAaB , ﬂAﬂB )
where &, (X, Y) =T(&g(X), az(y)) and

ap

By, (X, ¥) =S(B5(X), B (y)) foral
X, yeX

Lemma 4.6. For the interval valued intuitionistic
fuzzy sets A= (&A,ﬂA) and B = (dB,ﬁB) on
asetX, let AB be the strongest interval valued
intuitionistic (S, T )-fuzzy relation on X. Then for any
a €[0,1],

wehave U(@, ;@) =U(Gg;a)xU(dg;a)

ond L(B,, @) =L(Boic) <L (i)
Lemma 4.7. [20] For all @, 3, O, ¥ €[0,1], we

have T (T (a, B), T (v, 8)) =T (T (a, v), (B, 6)); S(S(a, B),
S(v, 8)) = (S(a, v), S(B, 8)).

By using the above lemmas, we have the following
theorem.

Theorem 4.8. If A = (dA,,BA) and

B= (dB,,BB) are interval valued intuitionistic (S,

T)-fuzzy Hv-submodules of M. Then AxB is an
interval valued intuitionistic (S, T)-fuzzy Hv-
submodule of M xM.

Corollary 49. If A= (&A,ﬁA) and

B= (dB,,BB) are imaginable interval valued

intuitionistic (S, T) - fuzzy Hv-submodules of M. Then
A x B is an imaginable interval valued intuitionistic
(S, T)-fuzzy Hv-submodule of M xM.

The following theorem characterizes the imaginable

interval valued intuitionistic (S, T)-fuzzy Hv-

submodules on Hv-modules.

Theorem 4.10. If A = (&A,ﬁA) and

B= (dB,,BB) are imaginable interval valued

intuitionistic fuzzy sets of M and Aj is the
strongest interval valued intuitionistic (S, T)-fuzzy
relation on M. Then B = (5[8 , ﬁB) is an

imaginable interval valued intuitionistic (S, T)-fuzzy

Hv-submodule of M if and only if A is an

imaginable interval valued intuitionistic (S, T)-fuzzy
Hv-submodule of M xM.

Proof. Let B= (&B,,BB) be an imaginable

interval valued intuitionistic (S, T)-fuzzy Hv-
submodule of M. Then we can verify the following

conditions of definition 3.1.

(1) Let X= (X, X,), Y= (¥, ¥,) eMxM.
Forany Z = (Zl, 22) € X+Y,we have
inf dAaB (z) = inf

a, (z,,2
Zex+y (z1.25)€(X1, %) +(Y1.Y2) AaB( v 2)

inf ){T(dB (2)), a5(z,))}

(21,22)€(X1 Y1, X2 +Y2

=T(,inf Gy(z), inf &, (z,))

21€X1 Yy Zp€Xp+

2 T(T(ag (X)), ag (Y1), T(@s(X;), ds(y,)))
=T(T(ag (X)), ag(X,)), T(@g(Yr), As(Y,)))
:T(dAdB(Xl’ Xz)v &AdB (ylv yz))
=T(axa5(X), drag(y))-

Similarly, we have

Supzex+yBAaB (Z) < S(ﬁAaB (X)1 BA“B (y))
(2) For all
X= (X, X,), a= (&, a,) e MxM. Then

Y, ¥, €M suchthat X, €a, +Y, and

X, €d, +Y,, andthus

(X, X)€@ +Yy, a,+Y,)=(a;, a,) +(Yy, ¥,)-
Moreover, we have
ON‘A,,E ) =dAaE (Y1 ¥2) =T(ag (Y1), a5(y,)
2T(T(a(a), (X)) T(ds(a,), s(X,))
=(T(ag(a), a5(a,)), T(as(x), dg(X,))
= T(dAaB (aiv az)v dAHE (Xl’ Xz))
=T(@,, (). @, (X)
similarly, B, (¥) <S(A4, (@), Ba, (X)),
(3) is similar to (2).
(4)Let X= (X, X,) € MxM and
r=(r, r,) eRxR. Forany
z= (z,, z,) e(r, 1,)(X;, X,), we have
20, @) = (o 08y B 2
- (Z1vzz)€i(rr]£1vrz'xz)T(&B(Zl), &B(ZZ))
>T(inf az(zy), inf_ ag(z,))

z)€h Xy

> T(ag (X)), d5(X;))

= dAaB (X, X;) = dAaB (X)

Similarly, SUP BAﬁB (2) < B 0 ().

Zer-x
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This shows that AB is an interval valued

intuitionistic (S, T)-fuzzy Hv-submodule of MxM.
Now, forany X = (X;, X,) € MxM, we can
easily show that

T(@y, (X), @y, (X)) =@, (X) and

S(BA/}B (X), IéAﬁB (X)) = BAﬂB (X)

Hence, AB is an interval valued imaginable

intuitionistic (S, T)-fuzzy Hv-submodule of M xM.
To prove the converse of the theorem, we need
prove the conditions (1)-(4) of definition 3.1 hold.
(1) Let X, Y € M. Then we have

inf a;(z) = |nf T(“B (2), a5(2))

Zex+y

inf aA (z, 2)

ZexX+

(z, Z)E(X x)+(yy) (Z Z)
>T(aA (X, x), aA (v, y)

>T(T(0!B(X) aB(X)) T(as(y), aB(y[)))

=T(ag(X), ag(y))-

Similarly, we have
SUP, cx1y Bs (2) < S(Ba (%), B (¥))-
(2)Forall X, ae M,
(X, X),(a, @) € Mx M. Then there exists
(Y, ¥) € M such that

X, x)e(@ a) +(y,y) =
Thatis, X €a+Y.

and thus

(@a+y, a+y).

Moreover, we have

ag(y) =T(as(y), as(y)) =a, (¥, Y)
>T(d, (a, @), da_(X, X))
=T(T(&;(a), &;(a)), T(&s(X), @(X)))
=T(a;(a), a5(X)).

similarly, 5 (Y) <S(f5(a), By (X)).
(3) is similar to (2).
(4) Let X €M and r e R, we have

inf ¢, (2)

Zer-X

inf T(d,(2), @, (2))
inf
(z,z)e(r,r)(x,x)
> &Aas (X, x)

=T(&s(X), a5(x))
= a5 (X).
similarly, SUP, ....f5 (2) < By, (X).

This shows that conditions (1)-(4) hold and hence

a, (z,2)

B= (dB,,BB) is an imaginable interval valued

intuitionistic (S, T)-fuzzy Hv-submodule of M.
(@n By)

B= (078,,38) are imaginable intuitionistic fuzzy

Definition  4.11. If and

sets on any set X, then the intuitionistic (S, T)-
product of A and B, denoted by [A* B](S’T),is

defined by

](s T) [(&A’ ﬁA)'(dm ﬁB)](S,T)
= ([&x G)IBx BaDen
= ([ay dB]T’[ﬁA. BB]S)!
Where [@, a5l (X) =T(a,(X), ag(X)) and

for all

[:EA' BB () = S(ﬁNA (X), BB (X)),
xeX

Theorem 4.12. If A = (&A, ,BA) and
B= (&B,/?B) are imaginable interval valued

intuitionistic (S, T)-fuzzy Hv-submodules of M. If T

(resp. s ) is a t-norm (resp. s-norm) which
dominates T (resp. S), that is,

T (T B), T(r, ) 2T(T(a, 7)., T'(B. 5))

and

S’ (S(a, B), S(r, 0))<S(S'(«, ), S'(B, 9))
forall &, 8, 7, 0 €[0,1]. Then for the

intuitionistic (S*, T*) -product of A and B,
[A- B]

submodule of M.

(7 isan intuitionistic (S, T)-fuzzy Hv-
Proof. In proving this theorem, we only need verify

that the conditions (1)-(4) hold. The verification is
montioned and we omit the details.
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Let f: M - M’ be a strong epimorphism of Hv-
modules. Let T (resp. S) and T~ (resp.S™ ) be the t-
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