International Journal of Engineering Research-Online
A Peer Reviewed International Journal July-Aug
Articles available online http://www.ijoer.in; editorijoer@gmail.com

Vol.11, Issue.4, 2023

SIS
: 3

FLEXURAL ANALYSIS OF CANTILEVER BEAM WITH CUBIC LOAD USING REFINED
SHEAR DEFORMATION THEORY

FARID ZAEEM**, SUCHITA HIRDE?

L2Department of applied mechanics, Government College of Engineering Amravati
VMV Road, Kathora Naka, Amravati, MS, India, 444606
*Email:faridzaeem@gmail.com
DOI: 10.33329/ijoer.11.4.1

ABSTRACT

Taking into account transverse shear deformation effects, the flexural analysis of
isotropic deep beams using fifth order shear deformation theory is presented. The
number of variables in the present theory is same as that in the first order shear
deformation theory. The function is used in displacement field is in terms of thickness
coordinate to represent the shear deformation effects. The transverse shear stresses
can be obtained directly from the use of constitutive relations with accuracy, satisfying
FARID ZAEEM the shear stress free conditions on the top and bottom surfaces of the beam. Hence,

the theory obviates the need of shear correction factor. Governing differential
equations and boundary conditions are obtained by using the principle of virtual work.
The deep isotropic cantilever beam is considered for the numerical studies to show
the efficiency of the theory. It has been shown that the theory is capable of predicting
the local effects due to cubic load. The results obtained for flexure for mentioned
beam using the fifth order theory are presented and discussed with those of other
theories, and are found to agree well with the exact elasticity results.

I. Introduction deformation and stress concentration. The theory is

As the beams and plates are the most suitable for slender beams and is not suitable for
interesting areas of research, and these component thick or deep beams since it is based on the
is being regularly used in daily engineering assumption that the transverse normal to neutral
applications of Engineering. In 1705 Euler and axis remains so during bending and after bending,
Bernoulli gave the Classical Beam Theory on the implying that the transverse shear strain is zero.
first mathematical model of nature of the Since theory neglects the transverse shear
resistance of beam developed in 1638 by Galileo. deformation. It underestimates deflections in case
Saint Venant (1856) presented the complete of thick beams where shear deformation effects are
solution of the beam problems considering bending significant.

and shear stresses. After the Krichhoff (1850) these
theories get matured.

Bresse [1], Rayleigh [2] and Timoshenko [3]
were the pioneer investigators to include refined

It is well-known that elementary theory of effects such as rotatory inertia and shear
bending of beam based on Euler-Bernoulli deformation in the beam theory. Timoshenko
hypothesis disregards the effects of the shear showed that the effect of transverse vibration of
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prismatic bars. This theory is now widely referred to
as Timoshenko beam theory or first order shear
deformation theory (FSDT) in the literature. In this
theory transverse shear strain distribution is
assumed to be constant through the beam
thickness and thus requires shear correction factor
to appropriately represent the strain energy of
deformation.

Cowper [4] has given refined expression for
the shear correction factor for different cross-
sections of beam. The accuracy of Timoshenko
beam theory for transverse vibrations of simply
supported beam in respect of the fundamental
frequency is verified by Cowper [5] with a plane
stress exact elasticity solution.

To remove the discrepancies in classical and
first order shear deformation theories, higher order
or refined shear deformation theories were
developed and available in the open literature for
static and vibration analysis of beam

Levinson [6], Bickford [7] Rehfield and Murty
[8], Krishna Murthy [9], Baluch et al. [10],
Bhimaraddi and Chandrashekhara [11] presented
parabolic shear deformation theories assuming a
higher variation of axial displacement in terms of
thickness coordinate. These theories satisfy shear
stress free boundary conditions on top and bottom
surfaces of beam and thus obviate the need of
shear correction factor.

Irretier [12] studied the refined dynamical
effects in linear, homogenous beam according to
theories, which exceed the limits of the Euler-
Bernoulli beam theory. These effects are rotary
inertia, shear deformation, rotary inertia and shear
deformation, axial pre-stress, twist and coupling
between bending and torsion. Kant and Gupta [13],
and Heyliger and Reddy [14] presented finite
element models based on higher order shear
deformation uniform rectangular beams. However,
these displacement based finite element models
are not free from phenomenon of shear locking
[15,16].

There is another class of refined theories,
which

represent the shear deformation effects through

includes  trigonometric functions to

the thickness. Vlasov and letont’ev [17] and Stein

[18] developed refined shear deformation theories
for thick beams including sinusoidal function in
terms of thickness coordinate in displacement field.
However, with these theories shear stress free
boundary conditions are not satisfied at top and
bottom surfaces of the beam. This discrepancy is
removed by Rao [19] in a refined theory developed
for beam. However, formulation of theory is
variationally inconsistent.

A study of literature by Ghugal and Shimpi
[20] indicates that the research work dealing with
flexural analysis of thick beams using refined
trigonometric and hyperbolic shear deformation
theories is very scarce and is still in infancy.

l. DEVELOPMENT OF THEORY

The beam under consideration as shown in Fig.1
occupies in Cartesian coordinate system the region

O0<x=<=L; —==y=—

where x, y, z are Cartesian coordinates, L and b are
the length and width of beam in the x and vy
directions respectively, and h is the depth of the
beam in the z-direction. The beam is made up of
homogeneous, linearly elastic isotropic material.

A. The displacement field

The displacement field of the present beam
theory is of the form [18] as given below:

d 4(z\ 16 z*
u(x,z):—zd—\)’(v+z[2—§(%j _E%}¢(X)

w(X, z) = w(Xx)

Fig. 1: Beam under bending in x-z plane

Farid Zaeem & Suchita Hirde

b b, _h_,.h

2 2 2 2

@


http://www.ijoer.in/

International Journal of Engineering Research-Online
A Peer Reviewed International Journal
Articles available online http://www.ijoer.in; editorijoer@gmail.com

Vol.11, Issue.4, 2023

July-Aug

where u is the axial displacement in x direction and
w is the transverse displacement in z direction of
the beam. The function is used in displacement field
is in terms of thickness coordinate to represent the
shear deformation effects. The represents rotation
of the beam at neutral axis, which is an unknown
function to be determined.

B. Normal and Shear Strain

2 2 4
gxza_u:—zd \;v+z 2_£[EJ _§Z_4 d_¢ (2)
oz dx 3Lh 5 h* | dx

ou dw 2 z*
Ya T T (hj he |#(X)

C. Stress Strain Relationship
o, = Eg,

4
X=G]/ZX ()

D. Governing Equations and Boundary Conditions

Using the expressions for strains and stresses (2)
through (4) and using the principle of virtual work,
variationally consistent governing differential
equations and boundary conditions for the beam
under consideration can be obtained. The principle
of virtual work when applied to the beam leads to:

J, Izzj://zz (o-xé'gx + 7T, O ) dx dz 5

x=L
_IX:O q(x)owdx =0

where the symbol 0 denotes the variational
operator. Employing Green’s theorem in Eqn. (4)
successively, we obtain the coupled Euler-Lagrange
equations which are the governing differential
equations and associated boundary conditions of
the beam. The governing differential equations
obtained are as follows:

4 3
ydw_12.,d

— —q(x)=0 (6)
dx* 7 a(x)
12 _ d3w d2g
7 dx® ’ 2

The associated consistent natural boundary
conditions obtained are of following form:

Attheendsx=0and x=1L

d 2W d¢
dx? dx

Thus the boundary value problem of the beam

El =w=0 (8)

bending is given by the above variationally
consistent governing differential equations and
boundary conditions.

The General Solution of Governing Equilibrium
Equations of the Beam

The general solution for transverse displacement
w(x) and warping function (x) is obtained using
Egns. (6) and (7) using method of solution of linear
differential equations with constant coefficients.
Integrating and rearranging the first governing Eqn.
(6), we obtain the following equation

dw . d’ Q(x)
dXS_A)dszr El

where Q(x) is the generalized shear force for beam

(9)

and it is given by Q quX+C

Now second governing Eqn (7) is rearranged in the
following form:

d’w B, d*¢
dx* A, dx?

-pé  (10)

A single equation in terms of ¢ is now obtained

using Eqns (9) and (10) as:

d_2¢_,12¢:w

11
dx? o El )

where constants a,ﬁ' and 4 in Egns. (10) and

(11) are as follows

B, C, GA -
“:[E ADJ’/} [Aa EIJ and 4

The general solution of Eqn. (11) is as follows:

le

#(x) = C, cosh Ax +C, sinh Ax — ,B(X) (12)

The equation of transverse displacement w(x) is
obtained by substituting the expression of ¢ (x) in

Egn. (12) and then integrating it thrice with respect
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to x. The general solution for w(x) is obtained as
follows:

3 13
Ci{ﬁ% —,BJ El +(CsinhAx-Ccosh2x) (13)
w(x):%””qudxdxdx + 6 B 2

+c4xi+c5x+c6
2
whereC,,C,,C,,C,,C,and C;are

arbitrary constants and can be obtained by
imposing natural boundary / end conditions of
beam.

[I. ILLUSTRATIVE EXAMPLE

In order to prove the efficacy of the present theory,
the following numerical examples are considered.
The following material properties for beam are
used

E=210GPa, u=0.3and p =7800 Kg/m3

where E is the Young’s modulus, p is the density,
and u is the Poisson’s ratio of beam material.
Example

The cantilever beam is as shown in Fig. 2 subjected
3

X
to varying load, q(X) =, B on surface z = -h/2

acting in the downward z direction

(30
a()=g,| '—:i

NN
i
i
i
[
i
[
i
[
i
i
i
[
|
!

Fig. 2: Cantilever Beam with Cubic load

The final expressions for above loading &
boundary conditions are obtained as follows:

1) Transverse displacement w(x) and ¢ (x)

7 3 2 2 5
(B-stual - REL(X ox ] 14)
gl [\ "0 1) g errlal L

W=t :
10EbR*|  AZ Eh S(W X]

+
C,GL*2 AL L

#(x )——q°

4
sinh/lx—cosh/ix—x—4+1 (15)
4El h

Substituting expressions for w and ¢ given by Eqns.
(14) and (15) into Egns. (1) through (4) the final
expressions for axial displacement u, transverse

displacement w, axial stresses o, and transverse

shear stress 7, can be obtained respectively.

2) Expression for Axial Displacement (u):

G Z
X 15X 1oaX —BfE'lz ﬁ-lol (16)
71|\ L L L) C,GL* 2L L

- hh?®10 2
u= +i5h—2—(smhlx cosh Ax+1)
C,GL2

2 4
‘i’ziELl Z—AZ—Z—EZ4 sinh Ax— cosh/lx+1——
hC,Gh4 3h* 5h L

3) Expression for Axial Stress (oy):

(17)
6——307 24 75—512 107710
7121 C,GL
— | hnP10 2
= iEh——(L).coshxlx LAsinh Ax)

Q

C, GL2
4 3
SIAEL, A2 182 oshax—Lisinh ix—4%
hC G4 3h 5h L
4) Expression for Transverse shear Stress

using equilibrium equation (‘L'Z ):

It is obtained using stress equilibrium equation of
two dimensional elasticity which is as follows:

oo, Ot

X 4 x _Q (18)
oXx oz
(19)
(307730]75512[307]
7i£[17427} L C, G L
T = goh " iEh—zE(Lﬁzsmhlx L*2* cosh Ax)
C,GL 2
_iEﬂl{LZ_le_i%_ 53 ]{Lzﬂsmh/ix L?2% cosh Ax 12 2}
C,GL4 h* 3h* 15h° 240 L
5) Expression for transverse shear stress
obtained from constitutive relationship (T5%
w_1LA (20)

Ty = 2— 4—2—16 sinh Ax—cosh Ax+1—
4hC, h h* L

Ill. RESULTS

In this paper, the results for in plane displacement,
transverse displacement, axial and transverse
stresses are presented in the following non
dimensional form for the purpose of presenting the
results in this work.

For beam subjected to cubic load, q(x)
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__Ebu _ 10Ebh®w _ bo, _ bz, 300
o= ah ,W = L &, = q 'szzT - 2
B2 1<)
\\0.- g Legend
Table 1: Non-Dimensional Axial Displacement (i) At "“@\‘ = 200 ETB
. _ h 2 @®—® FSDT
(X=0.25l, Z=H/2), Transverse Displacement (w) At % % *—@ HSDT
(X=0.25I, Z=0) Axial Stress (o) At (X=0.25I, Z=H/2) \‘ I 100 B W TspT
_ 3 V_ord
Maximum Transverse Shear Stress (T,,) (X=0, Z=0) \‘ ¥k v Oder
Of The Beam For Aspect Ratio 4 & 10 ’-‘
o
. . - R EE 0.6 0.4 0.2 0 0.2 04 06
Model [S| W u o T, T, ..l‘ b
ETB 0.67188 | -16.20078 | -13. 20469 NA 1. 49414 100 i‘.‘
FSDT 0.67179 | -16.20703 | -13.20469 | 1. 17692 | 1. 49414 R.‘
HSDT 410.85533| -18.03826 | —-14. 77891 | 1. 50000 | 1. 49360 x
TSDT 0.85523 | —18.05677 | -14. 78062 | 1. 54807 | 1. 49355 -200 \%
V Order 0.85396 | -17.98587 | -14.76302 | 1. 39175 1. 49372 ‘\‘
ETB 0.67188 | -253. 13721 | -82. 52930 NA 3. 73535 %
FSDT 0.67187 | —253. 23486 | -82. 52930 | 2. 94231 | 3. 73535 300
HSDT 101 0. 70123 | -257. 73092 | -84. 10352 | 3. 75000 | 3. 73513
TSDT 0.70122 | -257. 77719 | -84. 10523 | 3. 87018 | 3. 73511 F|g 4: Variation of axial disp|acement (ﬁ) through
V Order 0.70102 | -257. 59994 | -84. 08763 | 3. 47937 | 3. 73518 the thickness of beam at (x = 0.25L, z) for aspect
20 ratio 10.
* -
Y S 16 16
\\\‘ % Legend x
ol s > > ETB N
\‘ - 12 \‘ 12 Legend
¢ 2 @ FsoT o a
.\}‘\\ [a] \‘ o ETB
X s ®—@ HsDT < K ®—® FsDT
"\* E: MW TSDT \z Ts o—e HSOT
"\l ¥ V_Order i\\‘ < W TsoT
\\‘-‘\4 A S ¥ V_Order
3 haN
-0.6 -0.4 -0.2 0 XK 0.2 0.4 0.6 v
’ ’ ’ _4' \,\ o ’ ’ 06 0.4 0.2 0%k 02 0.4 0.6
,‘(\:" . iﬁ 2/h
N - !
’ % y
N o\
N 8 \‘l
. .
12 e xe,
2, . %,
-16 > x
< X,

-16
-20

Fig. 3: Variation of axial displacement (i) through Fig. 5: Variation of axial stress (dx) through the

the thickness of beam at (x = 0.25L, z) for aspect thickness of beam at (x = 0.25L, z) for aspect ratio 4.

ratio 4.
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6 K Legend
‘\‘ 80 Legend ‘} ’ \‘ ) ETB
-.‘ g ETB ‘{ 32 QQ ®—@ FsDT
*n 7 60 ®—® FsDT / % ®—@ HSDT
‘\‘ = ®—¢ HSDT % 8 \Q‘ ::: \T/SDT |
<40 W TSDT ) 2 Order
\0‘ 4 ¢ $ 24 \
S —3K V_Order x i
‘\- 20 / 3 2 x
\‘ * & 16 \1
u‘\ g x
-0.6 0.4 -0.2 0 ‘l\‘ 0.2 0.4 0.6 # § 12
-20 )‘ z/h * o8
\s‘ *
-40 \‘ 0.4
e . !
-60 ‘\\' ‘ o 4
X 0.6 0.4 0.2 0.2 04 0.6
N 04 z/h

Fig. 8: Variation of transverse
-100
through the thickness of beam
Fig. 6: Variation of axial stress (o,) through the using equilibrium equation for a

thickness of beam at (x= 0.25L, z) for aspect ratio

shear stress (T,)
at (x = 0, z) obtain
spect ratio 10.

1.6
e
10. /.'/.“\0\ Legend
16 "/}#} ‘\‘\:, ® @ FsDT
" Lerend ,\Z \‘ ®—& HsDT
v 0“_‘, egen [ —— P — S Y— S—— ®— W TsDT
;‘bﬁ‘;m ‘," ;—: ETB /’2 % * V_Order
—@ FSDT - 1
*x q( ®—@& HSDT x‘x/ o
12 x 4 s n
P’ ' \ —m TSDT / g 08
x ¥ V_Order | 2 X
© 1 ‘ / 3
¢ 2 hd 2 06
* 3 */ g "
7/‘ E 038 ‘ u »‘-“1 0.4 \
(%]
*
x % 0.6 x‘ 02 \é\
s 2
&
; = 04 * o
‘ -0.6 -0.4 -0.2 (¢} 0.2 0.4 0.6
0.2 L 02 o
< o \ Fig. 9: Variation of transverse shear stress (T,,)
06 04 02 y 02 s os through the thickness of beam at (x = 0.25, z) obtain
02 z/h using constitutive relationship for aspect ratio 4.

Fig. 7: Variation of transverse shear stress (T,,)
through the thickness of beam at (x = 0.25, z) obtain
using equilibrium equation for aspect ratio 4.

Farid Zaeem & Suchita Hirde


http://www.ijoer.in/

Irmpuact Factar
5.8701

International Journal of Engineering Research-Online
A Peer Reviewed International Journal
Articles available online http://www.ijoer.in; editorijoer@gmail.com

Vol.11, Issue.4, 2023

July-Aug

4

/0\.\ Legend

¥ 3 ®—® FSDT

’(/‘L‘ e AN ®—@ HSDT
P *

* N TSDT

fif,»//,ff?fff"l —
o—o—o o—o—0o—90o—o Lo - rder
b4 X\T *—% v_0rd

Y - \
i ;

/2\\

x
15 hd
4 1 \
x
0.5 \
*x 0

0.6 0.4 -0.2 0 0.2 0.4 0.6
z/h

Transverse Shear stress

-0.5

Fig. 10: Variation of transverse shear stress (T,)
through the thickness of beam at (x = 0, z) obtain
using constitutive relationship for aspect ratio 10.
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Legend
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Fig. 11: Variation of transverse displacement (w)
with aspect ratio (S) of beam at (x = 0.25,L, z).

IV. DISCUSSION OF RESULTS

Axial Displacement (u): The comparison of

results of maximum non-dimensional axial
displacement for the aspect ratios of 4 and 10 is
presented in Table 1 and 2. Among the results of all
the other theories, the values of axial displacement
given by present theory are close agreement with
the exact values for aspect ratio 4 and 10. The
theories of Bernoulli-Euler as well as Timoshenko

for aspect ratio 10, all the refined theories give

excellent agreement with each other as compare to
exact solution.

Transverse Displacement (Ww): Among the
results of all the other theories, the values of
present theory are in excellent agreement with
exact values for aspect ratio 2, 4 and 10. The
present theory result are close agreement with
exact elasticity solution given by Timoshenko and
Goodier.

Axial Stress (oy): The axial stress given by
present theory are compared with other higher
order shear deformation theories, it is observed
that result by present theory are in excellent
agreement with other theories.

Transverse shear Stress (T,): The
Transverse Shear Stress are obtained by integration
of equilibrium equation of two dimensional
elasticity. The transverse shear stress satisfies the
stress free boundary conditions on the top and
bottom surfaces of the beam when these stresses
are obtained by both the above mentioned
approaches. The comparison of maximum non-
dimensional transverse shear stress for a beam with
distributed load, obtained by the present theory
and other refined theories is presented for aspect
ratio of 4 and 10 respectively. FSDT underestimates
the value of this stress but use of equilibrium

equation gives exact value of this stress.
V. CONCLUSION

1. The use of present theory gives excellent
agreement results available for higher order
and refined shear deformation theories for
transverse displacement are in tune with the
results of present theory.

2. The transverse shear stress when obtained
from equilibrium changes its sign but still it
is realistic (cosine). The values of transverse
shear stress from equilibrium equation are
in close agreement.

3. The governing differential equations and the

associated boundary conditions are

variationally consistent.

4, In general, the use of present theory gives
accurate results as seen from the numerical
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examples studied and it is capable of
predicting the stresses and displacements at
support for simply supported beam. This
validates the efficacy and credibility of
trigonometric shear deformation theory.
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